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Operational quantum mechanics and quantum axiomatics have their roots in a work of
John von Neumann in collaboration with Garett Birkhoff, that is almost as old as quantum
mechanics itself [1]. Indeed already during the beginning years of quantum mechanics, the
formalism that is now referred to as standard quantum mechanics [2], was thought to be
too specific by the founding fathers themselves. One of the questions that obviously was at
the origin of this early dissatisfaction is: ‘Why would a complex Hilbert space deliver the
unique mathematical structure for a complete description of the microworld? Would that
not be amazing? What is so special about a complex Hilbert space that its mathematical
structure would play such a fundamental role?’
Let us turn for a moment to the other great theory of physics, namely general rela-
tivity, to raise more suspicion towards the fundamental role of the complex Hilbert space
for quantum mechanics. General relativity is founded on the mathematical structure of
Riemann geometry. In this case however it is much more plausible that indeed the right
fundamental mathematical structure has been taken. Riemann developed his theory as a
synthesis of the work of Gauss, Lobatsjevski and Bolyai on non-Euclidean geometry, and
his aim was to work out a theory for the description of the geometrical structure of the
world in all its generality. Hence Einstein took recourse to the work of Riemann to express
his ideas and intuitions on space time and its geometry and this lead to general relativity.
General relativity could be called in this respect ‘the geometrization of a part of the world
including gravitation’.
There is, of course, a definite reason why von Neumann used the mathematical struc-
ture of a complex Hilbert space for the formalization of quantum mechanics, but this
reason is much less profound than it is for Riemann geometry and general relativity. The
reason is that Heisenberg’s matrix mechanics and Schro¨dinger’s wave mechanics turned
out to be equivalent, the first being a formalization of the new mechanics making use
of l2, the set of all square summable complex sequences, and the second making use of
L2(R
3), the set of all square integrable complex functions of three real variables. The two
spaces l2 and L2(R
3) are canonical examples of a complex Hilbert space. This means that
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Heisenberg and Schro¨dinger were working already in a complex Hilbert space, when they
formulated matrix mechanics and wave mechanics, without being aware of it. This made it
a straightforward choice for von Neumann to propose a formulation of quantum mechanics
in an abstract complex Hilbert space, reducing matrix mechanics and wave mechanics to
two possible specific representations.
One problem with the Hilbert space representation was known from the start. A (pure)
state of a quantum entity is represented by a unit vector or ray of the complex Hilbert
space, and not by a vector. Indeed vectors contained in the same ray represent the same
state or one has to renormalize the vector that represents the state after it has been
changed in one way or another. It is well known that if rays of a vector space are called
points and two dimensional subspaces of this vector space are called lines, the set of points
and lines corresponding in this way to a vector space, form a projective geometry. What
we just remarked about the unit vector or ray representing the state of the quantum
entity means that in some way the projective geometry corresponding to the complex
Hilbert space represents more intrinsically the physics of the quantum world as does the
Hilbert space itself. This state of affairs is revealed explicitly in the dynamics of quantum
entities, that is built by using group representations, and one has to consider projective
representations, which are representations in the corresponding projective geometry, and
not vector representations [3].
The title of the article by John von Neumann and Garett Birkhoff [1] that we men-
tioned as the founding article for operational quantum axiomatics is ‘The logic of quantum
mechanics’. Let us explain shortly what Birkhoff and von Neumann do in this article. First
of all they remark that an operational proposition of a quantum entity is represented in the
standard quantum formalism by an orthogonal projection operator or by the correspond-
ing closed subspace of the Hilbert space H. Let us denote the set of all closed subspaces
of H by L(H). Next Birkhoff and von Neumann show that the structure of L(H) is not
that of a Boolean algebra, the archetypical structure of the set of propositions in classical
logic. More specifically it is the distributive law between conjunction and disjunction
(a ∨ b) ∧ c = (a ∧ c) ∨ (b ∧ c) (1)
that is not necessarily valid for the case of quantum propositions a, b, c ∈ L(H). A whole
line of research, called quantum logic, was born as a consequence of the Birkhoff and von
Neumann article. The underlying philosophical idea is that, in the same manner as general
relativity has introduced non-Euclidean geometry into the reality of the physical world,
quantum mechanics introduces non-Boolean logic. The quantum paradoxes would be due
to the fact that we reason with Boolean logic about situations with quantum entities,
while these situations should be reasoned about with non-Boolean logic.
Although fascinating as an approach [4], it is not this idea that is at the origin of quan-
tum axiomatics. Another aspect of what Birkhoff and von Neumann did in their article
is that they shifted the attention on the mathematical structure of the set of operational
propositions L(H) instead of the Hilbert space H itself. In this sense it is important to
pay attention to the fact that L(H) is the set of all operational propositions, i.e. the
set of yes/no experiments on a quantum entity. They opened a way to connect abstract
mathematical concepts of the quantum formalism, namely the orthogonal projection op-
erators or closed subspaces of the Hilbert space, directly with physical operations in the
laboratory, namely the yes/no experiments.
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George Mackey followed in on this idea when he wrote his book on the mathematical
foundations of quantum mechanics [5]. He starts the other way around and considers as
a basis the set L of all operational propositions, meaning propositions being testable by
yes/no experiments on a physical entity. Then he introduces as an axiom that this set L
has to have a structure isomorphic to the set of all closed subspaces L(H) of a complex
Hilbert space in the case of a quantum entity. He states that it would be interesting to
invent a set of axioms on L that gradually would make L more and more alike to L(H) to
finally arrive at an isomorphism when all the axioms are satisfied. While Mackey wrote his
book results as such were underway. A year later Constantin Piron proved a fundamental
representation theorem. Starting from the set L of all operational propositions of a physical
entity and introducing five axioms on L he proved that L is isomorphic to the set of closed
subspaces L(V ) of a generalized Hilbert space V whenever these five axioms are satisfied
[6]. Let us elaborate on some of the aspects of this representation theorem to be able to
explain further what operational quantum axiomatics is about.
We mentioned already that Birkhoff and von Neumann had noticed that the set of
closed subspaces L(H) of a complex Hilbert space H is not a Boolean algebra, because
distributivity between conjunction and disjunction, like expressed in (1), is not satisfied.
The set of closed subspaces of a complex Hilbert space forms however a lattice, which
is a more general mathematical structure than a Boolean algebra, moreover, a lattice
where the distributivity rule (1) is satisfied is a Boolean algebra, which indicates that the
lattice structure is the one to consider for the quantum mechanical situation. To make
again a reference to general relativity, the lattice structure is indeed to a Boolean algebra
what general Riemann geometry is to Euclidean geometry. And moreover, meanwhile it
has been understood why the structure of operational propositions of the world is not a
Boolean algebra but a lattice. This is due to the fact that measurements can have an
uncontrollable influence on the state of the physical entity under consideration [7]. Hence
the intuition of Birkhoff and von Neumann, and later Mackey, Piron and others, although
only mathematical intuition at that time, was correct.
Axiomatic quantum mechanics is more than just an axiomatization of quantum me-
chanics. Because of the operational nature of the axiomatization, it holds the potential for
‘more general theories than standard quantum mechanics’ which however are ‘quantum
like theories’. In this sense, we believe that it is one of the candidates to generate the
framework for the new theory to be developed generalizing quantum mechanics and rela-
tivity theory [7]. Let us explain why we believe that operational quantum axiomatics has
the potential to deliver such a generalization of relativity theory and quantum mechan-
ics. General relativity is a theory that brings part of the world that in earlier Newtonian
mechanics was classified within dynamics to the geometrical realm of reality, and more
specifically confronting us with the pre-scientific and naive realistic vision on space, time,
matter and gravitation. It teaches us in a deep and new way, compared to Newtonian
physics, ‘what are the things that exists and how they exist and are related and how they
influence each other’. But there is one deep lack in relativity theory: it does not take into
account the influence of the observer, the effect that the measuring apparatus has on the
thing observed. It does not confront the subject-object problem and its influence on how
reality is. It cannot do this because its mathematical apparatus is based on the Riemann
geometry of time-space, hence prejudicing that time-space is there, filled up with fields
and matter, that are also there, independent of the observer. There is no fundamental
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role for the creation of ‘new’ within relativity theory, everything just ‘is’ and we are only
there to ‘detect’ how this everything ‘is’. That is also the reason why general relativity
can easily be interpreted as delivering a model for the whole universe, whatever this would
mean. We know that quantum mechanics takes into account in an essential way the effect
of the observer through the measuring apparatus on the state of the physical entity under
study. In a theory generalizing quantum mechanics and relativity, such that both appear
as special cases, this effect should certainly also appear in a fundamental way. We believe
that general relativity has explored to great depth the question ‘how can things be in the
world’. Quantum axiomatics explores in great depth the question ‘how can be acted in
the world’. And it does explore this question of ‘action in the world’ in a very similar
manner as general relativity theory does with its question of ‘being of the world’. This
means that operational quantum axiomatics can be seen as the development of a general
theory of ‘actions in the world’ in the same manner that Riemann geometry can be seen
as a general theory of ‘geometrical forms existing in the world’. Of course Riemann is not
equivalent to general relativity, a lot of detailed physics had to be known to apply Riemann
resulting in general relativity. This is the same with operational quantum axiomatics, it
has the potential to deliver the framework for the theory generalizing quantum mechanics
and relativity theory.
We want to remark that in principle a theory that describes the possible actions in
the world, and a theory that delivers a model for the whole universe, should not be
incompatible. It should even be so that the theory that delivers a model of the whole
universe should incorporate the theory of actions in the world, which would mean for the
situation that exists now, general relativity should contain quantum mechanics, if it really
delivers a model for the whole universe. That is why we believe that Einstein’s attitude,
trying to incorporate the other forces and interactions within general relativity, contrary to
common believe, was the right one, globally speaking. What Einstein did not know at that
time was ‘the reality of non-locality in the micro-world’. Non-locality means non-spatiality,
which means that the reality of the micro-world, and hence the reality of the universe as a
whole, is not time-space like. Time-space is not the global theatre of reality, but rather a
crystallization and structuration of the macro-world. Time-space has come into existence
together with the macroscopic material entities, and hence it is ‘their’ time and space, but
it is not the theatre of the microscopic quantum entities. This fact is the fundamental
reason why general relativity, built on the mathematical geometrical Riemannian structure
of time-space, cannot be the canvas for the new theory to be developed. A way to express
this technically would be to say that the set of events cannot be identified with the set of
time-space points as is done in relativity theory. Recourse will have to be taken to a theory
that describes reality as a kind of pre-geometry, and where the geometrical structure arises
as a consequence of interactions that collapse into the time-space context. We believe that
operational quantum axiomatics can deliver the framework as well as the methodology to
construct and elaborate such a theory.
Mackey and Piron introduced the set of yes/no experiments but then immediately
shifted to an attempt to axiomatize mathematically the lattice of (operational) proposi-
tions of a quantum entity, Mackey postulating right away an isomorphism with L(H) and
Piron giving five axioms to come as close as possible to L(H). Also Piron’s axioms are
however mostly motivated by mimicking mathematically the structure of L(H). In later
work Piron made a stronger attempt to found operationally part of the axioms [8], and
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this attempt was worked out further in [9], to arrive at a full operational foundation only
recently [7].
Also mathematically the circle was closed only recently. There do exist a lot of finite
dimensional generalized Hilbert spaces that are different from the three standard exam-
ples, real, complex and quaternionic Hilbert space. But since a physical entity has to have
at least a position observable, it follows that the generalized Hilbert space must be infinite
dimensional. At the time when Piron gave his five axioms that lead to the representa-
tion within a generalized Hilbert space, there only existed three examples of generalized
Hilbert spaces that fitted all the axioms, namely real, complex and quaternionic Hilbert
space. Years later Hans Keller constructed the first counterexample, more specifically an
example of an infinite dimensional generalized Hilbert space that is not isomorphic to
one of the three standard Hilbert spaces [10]. The study of generalized Hilbert spaces,
nowadays also called orthomodular spaces, developed into a research subject of its own,
and recently Maria Pia Sole`r proved a groundbreaking theorem in this field. She proved
that an infinite dimensional generalized Hilbert space that contains an orthonormal base
is isomorphic with one of the three standard Hilbert spaces [11]. It has meanwhile also
been possible to formulate an operational axiom, called ‘plane transitivity’ on the set of
operational propositions that implies Sole`r’s condition [12], which completes the axiomat-
ics for standard quantum mechanics by means of six axioms, the original five axioms of
Piron and plane transitivity as sixth axiom.
An interesting and rather recent evolution is taking place, where quantum structures,
as developed within this operational approach to quantum axiomatics, are used to model
entities in regions of reality different of the micro-world [13, 14, 15, 16, 17, 18, 19, 20]. We
believe that also this is a promising evolution in the way to understand deeper and more
clearly the meaning of quantum mechanics in all of its aspects.
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